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The magnetic excitations in the superconducting electron-doped cuprates are studied in the frame-
work of spin-density-wave description. The superconducting resonance is a natural product of the
superconductivity due to the opening of d-wave gap. Its resonance energy exhibits well linear scal-
ing with superconducting gap as Eres/2∆ ∼ 0.6, quantitatively consisting with the experimental
discovery. This ratio is insensitive to the selected parameters, manifesting its universality. Another
lower-energy peak below resonance energy is predicted when the hole pocket emerges due to sup-
pression of spin-density wave. We further verify that the ratio of linear scales is intimately related
to the pairing symmetry. Distinct ratio can be found with respective pairing symmetry. In com-
parison with the inelastic neutron scattering data, the monotonic d-wave superconductivity is the
most likely candidate in the electron-doped cuprates. Furthermore, we proposed a new method to
check the pairing symmetry by the inelastic neutron scattering measurements.
PACS numbers: 74.25.Ha, 74.72.Ek, 74.72.Kf, 74.20.Mn
High-temperature superconductivity is one the most
challenging topics in condense matter physics. It arises
from the charge carrier doping into their insulating anti-
ferromagnetic parent compounds[1]. Due to the proxim-
ity of antiferromagnetism (AFM) and superconductivity
(SC), it is generally believed that there exists intrinsic
link between them. The spin fluctuations is often pro-
posed to be glue of pairing in the cuprates. Understand-
ing the nature of the spin fluctuation and its relation with
superconductivity are essential for the mechanism of su-
perconductivity. The inelastic neutron scattering(INS)
provides direct way to investigate the spin dynamics.
The electron-doped cuprates provide unique opportu-
nity to study the competition between the AFM and
SC due to its special replacement and oxygen anneal-
ing process.[2]. So far, extensive INS experiments had
been performed in electron-type cuprates[2–9] (For more
details, see Ref.[10]). Except the well known commen-
surate magnetic excitations in the normal state[4], an-
other universal feature in the superconducting state is
further discovered. There exists a superconducting res-
onance, an unusual spin-triplet collective mode at Q =
(π, π). For example, the resonance energy Eres is about
9.5meV , and 11meV , in the optimal doping NCCO[5],
and PLCCO[6], respectively. The relative Eres and
its associated condensation energy can be suppressed
through applying external magnetic field[7] or oxygen
annealing process[2]. However, the ratio of Eres/kBTc
is almost unchanged with fixed value about 5.8[5, 6].
However, Yu et al. argued that the universal scaling is
Eres/∆ rather than Eres/Tc.[8]. Furthermore, the single
superconducting resonance may be constituted by two
separated sub-peaks[9]. Interestingly, the linear scale
is fairly universal as can also been found in the hole-
doped cuprates, heavy-fermion compounds, and some Fe-
pnictides (For more details, see Ref. [8]).
Based on the kinetic energy driven superconducting
mechanism, a dome shaped doping dependent resonance
energy is proposed in electron-doped cuprates. However,
the intensity at given energy in the SC state is almost
three orders of magnitude lager than that of the nor-
mal state[11], inconsistent with the nearly unchanged
feature in experiments. Ismer et al. showed the reso-
nance can be regarded as a overdamped collective mode
located near the particle-hole continuum[12]. Their re-
sults indicated that the resonance energy is sensitive
to the selected parameter. Therefore, the linear scal-
ing Eres/∆ or Eres/kBTc is not expected in this frame-
work. Furthermore, those theories based on the single
band description[13, 14] can not account the properties
of spin dynamics, for example, the commensurate mag-
netic excitation, as we argued in the previous paper[15].
To our knowledge, the possible linear scaling of super-
conducting resonance and its intrinsic relation with the
SC have not well established.
In this paper, the superconducting resonance is stud-
ied in details in the electron-doped cuprates within the
framework of spin-density-wave (SDW) description. The
superconducting resonance exhibits well linear scaling
with superconducting gap as Eres/2∆ ∼ 0.6. This ra-
tio is universal, and is insensitive to the selected param-
eters. Another superconducting sub-resonance develops
when the SDW is suppressed. We further verify that the
linear scales and its ratio are the intrinsic nature of mono-
tonic d-wave pairing by inspecting other possible pairing
symmetries. Therefore, we propose a possible method to
2distinguish the pairing symmetry of the unconventional
superconductors by means of the inelastic neutron scat-
tering measurements.
It was argued that the long-range antiferromagnetic or-
der found near the optimal electron-doped cuprates may
arise from the impurities[16]. However, the AFM cor-
relation length in the electron-doped cuprates is much
longer than that in the hole-doped cuprates. Therefore,
the AFM correlations plays important roles in the opti-
mal electron-doped cup rates. Based on these consider-
ations, we adopt an experimentally proposed SDW de-
scription to investigate the electron-doped cuprates near
the optimal doping (For more details, See Ref.[15]). In
the normal state, it can be simply expressed as
H =
∑
kσ
(ǫ′k − µ)(d
+
kσdkσ + e
+
kσekσ) +
∑
kσ
ǫk(d
+
kσekσ + h.c)
−
∑
kσ
σVpi,pi(d
+
kσdkσ − e
+
kσekσ). (1)
In presence of SDW, the two sublattices D and E with
respective fermionic operator d and e are introduced.
ǫk = −2t(coskx + cosky) and ǫ
′
k = −4t
′coskxcosky −
2t′′(cos2kx + cos2ky) are inter- and intra-lattice hopping
term with t, t′, and t′′ the nearest-neighbor (NN), second-
NN, and third-NN hoping constant. Vpi,pi is an effective
Q-scattering potential, representing the strength of the
SDW. Its value can be phenomenologically evaluated by
Vpi,pi = UM with U a reduced Coulomb repulsion andM
the antiferromagnetic order parameter in the mean-field
level[17, 18]. Here, we treat it as an independent pa-
rameter, which can be experimentally determined. The
chemical potential µ is determined by the particle con-
servation.
In the SC state, a phenomenological BCS-like pairing
term −
∑
k∆k (dk↑e−k↓ + ek↑d−k↓ + h.c.) with mono-
tonic d-wave symmetry ∆k = ∆(cos kx − cos ky) is in-
troduced. The quasiparticle dispersion is then Eηk =√
(ξηk )
2 +∆2k with ξ
η
k = (ǫ
′
k − µ) + η
√
ǫ2k + V
2
pi,pi (η =
1, and −1 for upper, and lower band)[1]. The nor-
mal and anomalous Green’s functions are both 2 ×
2 matrices defined as Gˆkσ = −〈Tτψkσ(τ)ψ
†
kσ〉, and
Fˆk = −〈Tτψ−k↓(τ)ψ
T
k↑〉, where ψkσ = (dkσ , ekσ)
T . The
transversal spin susceptibility under the random phase
approximation, also a 2× 2 matrix, is expressed as
χˆq =
χˆ0q
1− Uχˆ0q
(2)
with U the above introduced reduced Coulomb repulsion.
χˆ0q = −
∑
(Gˆk↓Gˆk+q↑ + FˆkFˆ
∗
k+q) is the bare spin suscep-
tibility, k ≡ (k, ω).
In numerics, the hoping constants are set as t =
250meV , t′ = −50meV , and t′′ = 20meV [19]. The dop-
ing density is set as x = 0.15, near the optimal dop-
ing. The temperature is fixed at 0.2meV , and 2meV for
0 10 20 30
0.0
0.1
0.2
0 5 10 15 20
0.00
0.05
72 76 80
-200
0
200
(a)
(meV)
(meV) (meV)
I Q
(
) (
ar
b.
 u
ni
t)
I Q
(
) (
ar
b.
 u
ni
t)
 
 
 
 
 meV
 meV
 meV
 meV
 meV
 meV
 meV
 meV
(b)
  
 
 
 U=0.74eV
 U=0.72eV
 U=0.70eV
 U=0.68eV
 U=0.66eV
I Q(
)
  
 
 
FIG. 1: (Color online) (a) Low energy dependence of IQ(ω)
for different superconducting gap with Vpi,pi = 100meV and
U = 0.72eV . Insert in (a) is the high-energy dependence near
the magnetic resonance. (b) Energy dependence of IQ(ω) for
different U with fixed superconducting gap ∆ = 4meV . The
intensity in U = 0.72eV , U = 0.74eV had been re-scaled
by a factor 1.5, and 2.0 for comparison, respectively. The
superconducting resonance are denoted by arrows.
SC state, and normal state, respectively. We adopt the
broaden factor Γ = 1meV , comparable to the instrumen-
tal resolution.
First, it should be pointed out that the main features
of magnetic excitations in the superconducting state,
including the magnetic resonance EMres and commen-
surability, keep almost unchanged in comparison with
that in the normal state[15]. In order to extract the
role of superconductivity on magnetic excitations, we
adopt the difference of spin susceptibility near Q be-
tween the superconducting and normal state as IQ(ω) =∫
Ω
[
ℑχSCq (ω)−ℑχ
NM
q (ω)
]
dq, consisting with the exper-
imental measurements[5–7]. The integration is restricted
within a small region of π/64× π/64 centered around Q
point. The main features are insensitive to the selected
integral region.
The typical IQ(ω) is shown in Fig. 1(a). This choice is
analogous to the situation that the oxygen is not well an-
nealed as we shown before, where only the electron pocket
near (π, 0) can be found due to strong SDW (Fig. 2(d)).
IQ(ω) is negative at low enough energy region, which is
referred as the spin gap region. It then increases grad-
ually upon the energy and reaches its maximum at a
given energy, where the superconducting resonance Eres
is experimentally defined. These low-energy features are
qualitatively consistent with the INS measurements on
NCCO[5] and PLCCO[6, 7]. At higher energy region, a
sharp dip near the magnetic resonance and then a peak
can be found due to suppression of spin dynamics in the
superconducting state. We focus on the low energy prop-
erties of the magnetic excitations below, which is closely
related to the SC.
3The resonance energy increases with the increasing su-
perconducting gap ∆. It is approximate to 9.5meV , and
12.5meV for the superconducting gap ∆ = 3meV , and
4meV . This is comparable to the experimental measure-
ments in PLCCO[6]. In fact, The superconducting reso-
nance energy exhibits well linear dependence on ∆. The
ratio Eres/∆(0, π) is about 1.2 (Fig. 4), quantitatively
consisting with the INS data[8]. For strong enough su-
perconductivity, the ratio may deviates from the linear
dependence due to the overlap with magnetic resonance
near the antiferromagnetic instability (not shown). Since
2∆
kBTc
ranges from 3.5[20, 21] by the point contact and S-
I-S planar tunneling measurement to 5.0[22] by the opti-
cal properties measurements for optimal doping, the ex-
perimental linear scale of Eres/Tc ∼ 5.8 is not hard to
understood[6].
The superconducting resonance is insensitive to the se-
lected parameters. To address it, different values of U
are adopted (Fig. 1(b)). The low-energy magnetic ex-
citations change from the commensurability to the in-
commensurability in the normal state[15]. The reso-
nance energy Eres is indeed unchanged for various re-
duced Coulomb repulsion. When the strength of SDW is
suppressed, for example Vpi,pi = 80meV (Fig. 2(a)), sim-
ilar behaviors can be also found. The most important is
that the linear scaling keeps almost unchanged as shown
in Fig. 4 (a). Therefore, the superconducting resonance
reflects the intrinsic nature of superconductivity. The ra-
tio is also expected to be measured in underdoped and
overdoped electron-doped cuprates. We also notice that
the intensity of IQ(ω) weakens with decreasing ∆. This
is well consistent with INS measurements on PLCCO,
where the external magnetic field is applied to suppress
the superconductivity[7].
Interestingly, when the strength of effective Q-
scattering is reduced down to 50meV , a weak but vis-
ible peak below Eres emerges, especially for stronger SC
(Fig. 2(b)). Compared with Vpi,pi = 100meV , the un-
derlying Fermi surface develops from the electron pocket
into large three-piece structure, i.e., the hole pocket is
also present now[23]. It is well known that the hole
pocket develops when SDW is suppressed in the electron-
doped cuprates. Meanwhile, the superconducting en-
hances. Therefore, this weak peak originates from the
superconductivity near the hole pocket. To further con-
firm it, we decompose the bare spin susceptibility into
four components, represented by the intra- ((χ0Q)++ and
(χ0Q)−−), and inter-band ((χ
0
Q)+− and (χ
0
Q)−+) compo-
nents. Obviously, the low energy peak comes from the
contribution of lower-band (hole band). In comparison,
the superconducting resonance comes from the upper-
band (electron band). Recently, Yu et al. found similar
two-peaks structure in INS measurements on NCCO[9].
However, the low-, and high-energy peaks are thought to
be associated the A1g and B1g/B2g features in electronic
Raman scattering[24], respectively. Here, the low-, and
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FIG. 2: (Color online) Upper panels: IQ(ω) as functions of
energy for different superconducting gap with parameters V =
80meV in (a) and V = 50meV in (b), U = 0.6eV . Arrows
denote the resonance energy. Low panels: (c), and (f) are
the bare spin susceptibility together with its four components
with ∆ = 4meV as described in the text; (d), and (e) are the
respective Fermi surface.
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FIG. 3: (Color online) Energy dependence of IQ(ω) for differ-
ent superconducting gap at given pairing symmetries. (a) is
the nonmonotonic d-wave with third harmonic term, while
(b) is the on-site s-wave. The parameters are selected as
U = 0.72eV and V = 100meV . Arrows denoting the peak
position.
high-energy resonance is related to the B2g, and B1g fea-
tures. This suggests that the high-energy resonance may
be separated into two sub-resonance, and the higher one
follows the above mentioned linear scaling on Tc. We
believe the present results can be discovered in the well
oxygen annealed or slightly overdoped n−type cuprates.
To understanding the relation between the resonance
and superconductivity, we consider three other pair-
ing symmetries. They are the nonmonotonic d-wave
with third harmonic term ∆k = ∆(coskx − cosky) −
∆′(cos3kx − cos3ky) with ∆/∆
′ = 2.41[14], extended s-
wave ∆k = ∆(coskx+cosky), and on-site s-wave ∆k = ∆.
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FIG. 4: (Color online) (a) Resonance energy Eres as functions
of superconducting gap ∆(0,pi). Red, and black symbols are
for nonmonotonic d-wave, and on-site s-wave with selected
parameters U = 0.72eV and Vpi,pi = 100meV . Blue, cyan, and
green symbols are for the monotonic d-wave, with respective
effective Q-scattering Vpi,pi = 100meV , 80meV , and 50meV .
U = 0.6eV for all. The solid lines are the linear fitting of
respective data. (b) Eres/2∆(0,pi) as functions of 2∆(0,pi). The
solid lines are obtained from (a). All experimental data are
directly extracted from Ref. [8]. The values in the parentheses
are the superconducting critical temperature.
The pairing in the latter occurs in the same lattice,
whereas the former two occur between the different lat-
tices, same as the monotonic d-wave. Similar well linear
scales can be found in the nonmonotonic d-wave but with
much enhanced ratio about 1.6 (Fig. 3(a) and Fig. 4),
much larger than the experimental data 0.6[8]. There-
fore, the high harmonic term in d-wave superconductivity
is not necessary when the SDW is considered as argued
previously[18, 25]. For extended s-wave, no resonance
can be found due to the vanishing of superconducting gap
near the electron-pocket. For the on-site s-wave pairing
symmetry (Fig. 3(b) and Fig. 4), the resonance is also
present, but the resonance energy change little when the
superconducting gap enhanced. Comparing with exper-
imental data, the monotonic d-wave pairing is the most
appropriate candidate. Therefore, the superconducting
resonance is closely related to the pairing symmetry of
superconducting gap, and then the mechanism of high-
Tc superconductors.
We notice that the resonance in the hole-doped
cuprates and heavy fermion compounds[26] follows the
similar ratio. This manifests their pairing symmetry is
also the monotonic d-wave, which had been confirmed
previously. Interestingly, the Fe-pnictides share the same
ratio. This fact challenges the so-called s±-wave symme-
try and expected to be studied further[27]. In this sense,
we have proposed a feasible way to distinguish the pairing
symmetry by INS measurements, which may be further
applied on the other unconventional superconductors.
In conclusion, the superconducting resonance and its
relation to superconductivity are studied in the opti-
mal electron-doped cuprates within a SDW description.
The main features in the superconducting state, dis-
covered experimentally, are well established. The reso-
nance energy exhibits well linear dependence on the su-
perconducting gap, irrespective of the selected parame-
ters. Therefore, the resonance is a universal feature of su-
perconductivity. A sub-resonance peak, originating from
the hole pockets, is further predicted when SDW is sup-
pressed. The ratio of linear scaling is intimately related
to the pairing symmetry. The value manifests the pair-
ing symmetry in electron-doped cuprates is monotonic
d-wave, same as that in hole-doped cuprates. Further-
more, we propose a possible method to distinguish the
pairing symmetry of superconductivity by means of in-
elastic neutron scattering.
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